INTRODUCTION
The Weil algebra W (g * ) := Sg * ⊗ ∧g * is an algebraic model of the differential forms on the universal principal bundle Ω * (EG). Here g is the Lie algebra of the Lie group G. W (g * ) is a g-differential graded algebra, that is , on W (g * ) there exist the Lie derivative L a , the contraction ι a and the differential d, which satisfies certain relations, especially d • d = 0.
In [1] , A. Alekseev and E. Meinrenken introduce the noncommutative Weil algebra
which is a deformation of W (g * ). They shown that W(g) is also a g-differential graded algebra.
In this paper, for a finite dimensional representation τ of g, we define the classical covariant Weil algebra and the quantum covariant Weil algebra
W τ (g * ) and W τ (g) are no longer g-differential graded algebra. Instead, they are curved g-differential graded algebra. That means they also have the Lie derivative, the contraction and the differential. However, d • d is not 0.
In fact we can find the curvature elements C on W τ (g * ) and C on W τ (g) such that
on W τ (g * ); and
on W τ (g).
The explicit formulas for C and C will be given. Some of the properties will be studied. Acknowledgement. The author would like to thank his advisor Jonathan Block for introducing me to curved-dg algebras, for his encouragement and helpful discussions. The author am also very grateful to Nigel Higson teaching me Mackey's analogue. Eckhard Meinrenken has explain to the author about the ideas of noncommutative Weil algebra and the proof of Duflo's isomorphism theorem, which is very helpful. I would like to thank Alberto García-Raboso and Eric Korman for their helpful comments about this work.
A REVIEW OF THE WEIL ALGEBRA
All the result in this section can be found in [1] , section 2. Let g be a finite dimensional real algebra and e 1 , . . . e n be a basis. Let f k ij be the structure constant, i.e [e i , e j ] = f k ij e k . Let g * be the dual linear space of g. The Weil algebra is defined to be
W (g * ) is a graded commutative super-algebra with the l-th grade
Let e i be a dual basis on g * . As in [1] , we denote the corresponding element in Sg * by v i , and the corresponding element in ∧g * by y i .
There are natural Lie derivative on Sg * and ∧g * . On generators
On the whole W (g * ) we define the Lie derivative as:
L a is a derivation of degree 0.
There is also a natural contraction on ∧g * . On W (g * ) we define the contraction by
ι a is a derivation of degree −1.
Finally we have the differential. On generators:
The weil algebra W (g * ) is an algebraic model of the universal principal bundle in topology and geometry.
3. THE CLASSICAL COVARIANT WEIL ALGEBRA 3.1. The definition of the classic covariant Weil algebra W τ (g * ).
Definition 3.1. let (τ, V τ ) be a finite dimensional representation of g. Let us define the classical covariant Weil algebra W τ (g * ) associated with τ to be:
In the following content we use τ a to denote τ (e a ) ∈ EndV τ and A to denote a general element in EndV τ .
W τ (g * ) is a graded algebra with elements in EndV τ of degree 0.
is not graded commutative.
3.2.
The three operators on W τ (g * ).
Definition 3.2. The Lie derivative on
L a is a derivation of degree 0. 
Now we come to the step to define the covariant differential on W τ (g * ). We define d W,τ y a and d W,τ v a exactly the same as in W (g * ). As for A ∈ End(V τ ), we define
In conclusion, we have 
For y a and v a the equality is the same as for
and the curvature of W τ (g * ). Now the main problem to us is to compute
However, on A ∈ End(V τ ) we have:
It is obvious that C is independent of the choice of the basis of g. C is called the curvature of
We have the following:
Proof:It is sufficient to check it on the generators. On y a and v a both sides are 0. On A ∈ End(V τ ) it has been done in (12).
The curvature C has the following important property:
Proof: Direct computation shows:
Remark 5. Proposition 3.2 is the algebraic version of the Bianchi identity in differential geometry.
Now we see that W τ (g * ) is a curved differential graded algebra with g action on it ( for short, curved g-dga).
The flat elements in
In the study of curved differential graded algebras, it is important to find out which element of
Therefore, the problem is equivalent to find the commutant of C in W τ (g * ).
(14) be the elements which commute with C in W τ (g * ). We also call them the flat elements in W τ (g * ).
We have the following result on W τ (g * ) F :
We have proved in Propostion 3.2 that C itself is in W τ (g * ) F . It is also obvious that all the scalars (more precisely, scalar matrices) are in W τ (g * ) F . Since y j commutes with u k and τ a , we also have
In fact we can show more.
be the basic elements in W τ (g * ), and
be the flat elements in W τ (g * ).
By definition, W τ (g * ) hor,F ⊂ W τ (g * ) F and W τ (g * ) = ∧g * ⊗ W τ (g * ) hor . Furthermore we can prove the following:
Proof: Since W τ (g * ) = ∧g * ⊗ W τ (g * ) hor , for any x ∈ W τ (g * ) F , we can write
We combine the terms so that the f i 's are linear independent. Since f i ∈ ∧g * , we get [C, f i ] = 0. Hence we have
Since the f i 's are linear independent as we arranged before, we get [C,
By proposition 3.4, to study W τ (g * ) F it is sufficient to study W τ (g * ) hor,F . Obviously, Sg * ∈ W τ (g * ) hor,F . In fact we can say more:
For C = u a τ a , we have
Now the proposition reduces to the Lemma 3.6. Let u a , L a are defined as usual, then ∀f ∈ Sg * , we have
Proof of the lemma 3.6: It is obvious that u a L a is a derivation on Sg * , so it is sufficient to prove the identity for the generators of Sg * . We see that
Since f b ac is anti-symmetric with respect to a, c, the sum is 0. By lemma 3.6, we have
Remark 6. For quadratic Lie algebra g, W τ (g * ) basic is the same as the classical family algebra C τ (g) introduced by A.A. Kirillov (see [7] ) and our proposition 3.5 is equivalent to the lemma 1 in section 1 of [7] .
Now we have
Sg
We don't know whether Sg * · W τ (g * ) basic = W τ (g * ) hor,F . For the case g = sl(2, R) and τ be the standard or adjoint representations of sl(2, R), it is true by the structure theorem of family algebras (see [10] chapter 6 ). But it is still unknown in the general cases. 
It is well-known that a semisimple Lie algebra is quadratic.
Let e a be a basis for g, 
We can use B to lower the index of the structure constant:
For a quadratic Lie algebra we can indentify g and g * via B, so
If we treat e a as a basis of g instead of g * , then the L a , ι a , d can be defined on Sg ⊗ ∧g using the same formula as on Sg * ⊗ ∧g * . Let W (g) := Sg ⊗ ∧g.
For a quadratic Lie algebra g we can construct a noncommutative analogue of W (g). First we introduce the Clifford algebra:
Definition 4.2. The Clifford algebra associated to g is defined to be
Now we come to the noncommutative (quantum) Weil algebra is [1] and [2] . In this paper I prefer to call it quantum Weil algebra to distinguish W(g) from W τ (g), since W τ (g) is also noncommutative.
Remark 7. W(g) is called noncommutative Weil algebra in

W(g) is a filtered algebra where
and W(g) has a well defined Z 2 -grade. So we can talk about even and odd elements in W(g).
For W(g) we also have the three operators L a , ι a and d as for W (g).
Remark 8. A significant difference between W(g) and W (g) is that the three operators on W(g) are all inner derivations.
Follow [1] , we choose an orthonormal basis under B to simplify the computation, i.e.
B(e a , e b ) = δ ab .
Hence f abc = f a bc . Now let u a denote the e a in U (g) and x a denote the e a in Cl(g). Define (Notice that we take sum for small Latin letter indices.)
Then we come to the 
It is easy to see that
So these definitions make sense and are analogous to those on W (g).
On W(g) we also have the relations
In fact, by the (super) Jacobi identity, the relations above reduce to the corresponding commutation relations between x a , g a , u a , γ and D. For those commutators we have : Here we give the detail for d W • d W = 0 to illustrate the story, although the computation can be found in [1] section 3. The proof is as follows:
So it is sufficient to compute
Remember that we take sum for small Lation letter indices.
By computation as in [1] section 3, we have the following:
Proof of the lemma:
Now we notice that 1 2 u a u a is the Casimir element, which belongs to the center of U (g), hence W(g). As a scalar, γ 2 also belongs to the center of W(g). So
5. THE QUANTUM COVARIANT WEIL ALGEBRA
The definition of W τ (g).
Definition 5.1. Let (τ, V τ ) be a finite dimensional representation of g. Similar to the commutative case, we define the quantum covariant Weil algebra W τ (g) associated with τ to be:
Again we use τ a to denote τ (e a ) ∈ EndV τ and A to denote a general element in EndV τ . W τ (g) is a filtered and Z 2 -graded algebra with elements in EndV τ of degree 0.
The three operators on W τ (g).
Inspired by the constructions in section 3.2 and section 4, we can construct the Lie derivative, contraction and covariant differential on W τ (g).
It is easy to see that, when restricted on W(g) ⊂ W τ (g), L a and ι a are the same as the original L a and ι a defined in section 4.
On A ∈ EndV τ , L a A = [τ a , A] and ι a A = 0 as we expect.
Remark 9. d W,τ is not equal to d W even if we restrict to W(g). This is a significant difference between classic and quantum covariant Weil algebras.
In fact, for x b we have
Notice that on u b , we haved W,
On A ∈ EndV τ , as we expect, 
Next we have
As in Lemma 4.1, we have
Finally, Proposition 5.3. We have the Cartan's formula:
So
So we need to compute
In section 4 we have shown that
We also have
The last term is
Sum them up we get Proposition 5.4.
Proof:
It is obvious that C is independent of the choice of the basis of g. C is called the quantum curvature of W τ (g). We have proved that
Similar to the closednees of the curvature of W τ (g), we have the following result: 
5.5. The flat elements in W τ (g). Similar to the W τ (g) case, we have
(47) be the elements which commute with C in W τ (g * ). We also call them the flat elements in W τ (g * ).
We also have 
be the basic elements in W τ (g), and
be the flat elements in W τ (g).
Remark 10. W τ (g) basic is the same as the quantum family algebra Q τ (g) introduced by A.A. Kirillov (see [7] ) Similar to Proposition 3.4, we have the following Proposition 5.7. W τ (g) F = Cl(g) ⊗ W τ (g) hor,F Proof: Since the elements in Cl(g) commute with C, the proof is the same as that of Proposition 3.4.
As a result, to study W τ (g) F it is sufficient to study W τ (g) hor,F . In fact we know very few about W τ (g) hor,F . It is obvious that U (g) W τ (g) hor,F . I don't know whether or not W τ (g) basic ⊂ W τ (g) hor,F .
FURTHER TOPICS
Much about covariant Weil algebras are still unknown. Here I list some of them.
6.1. A suitable cohomology theory. A differential graded algebra has its cohomology, which is naturally an algebra. Now our W τ (g) and W τ (g) are curved-dga's, so they don't have cohomologies in the naive sense. Now the question is: Can we find a theory which substitute the cohomology theory and compatible with the g-action, i.e. Lie derivative and contraction, in our case?
Remark 11. The theory of curved-dga is of increasing importance, for example see [3] and [9] . W τ (g) and W τ (g) may provide good example to testify the theories.
6.2.
The quantization map between W τ (g) and W τ (g). In [6] Section 9, N. Higson proposed the problem of constructing a quantization map Q between C τ (g) and Q τ (g) such that the following diagram commutes.
Here Q is a vector space isomorphism but need not to be an algebraic homomorphism.
It is a natural generalization of the famous Duflo's isomorphism theorem.
In [1] and [2] A. Alekseev, and E. Meinrenken give a new proof of Duflo's isomorphism theorem using the quantization map of the Weil algebras.
Since the covariant Weil algebras are generalization of the Weil algebras, it is expected that we can construct a quantization map between W τ (g) and W τ (g) which gives the quantization map expected by Higson.
